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Abstract 

We derive a necessary and sufficient condition for tfie existence of symmetric space 
structures on quotients of Banach symmetric spaces. Along the way, we investigate the 
different kinds of reflection subspaces and their Lie triple systems. 
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1 Introduction 

A symmetric space in the sense of O. Loos (cf. |Loo69j ) is a smooth manifold M endowed 
with a smooth multiplication map fj,: M x AI — )• M such that each left multiplication map 
fJ-x '■= fJ'ix, •) (with X G M) is an involutive automorphism of (M, /i) with isolated fixed 
point X. 

Some basic material on infinite-dimensional symmetric spaces can be found in |Nee02j 
and |Ber08j . In [Klollbj , the author starts working towards a Lie theory of symmetric spaces 
modelled on Banach spaces. In particular, there are presented an integrability theorem for 
morphisms of Lie triple systems and the result that the automorphism group of a connected 
symmetric space M is a Banach-Lie group acting smoothly and transitively on M. The 
purpose of this paper is to continue on this path. 

A reflection subspace N of a symmetric space M is a subset that is stable under multi- 
plication. If a refiection subspace is endowed with the structure of a symmetric space such 
that the inclusion map l: — )• M is smooth and its tangent map induces at each x £ N a 
topological embedding T^l, then we call it an integral subspace. In |Loo69| . O. Loos shows 
that, in the finite-dimensional case, an integral subspace of a pointed symmetric space (M, b) 
induces a closed triple subsystem of Lts(M, b) and conversely, given any closed triple sub- 
system n < Lts(M, 6), there is a unique connected integral subspace {N,b) with Lie triple 
system n. We shall see that this one-to-one correspondence carries over to the Banach case. 
If n is separable, we further have n = {x e Lts(M, b) : Exp^j^^ (Mx) C N}. 

If a reflection subspace < M is a submanifold, then we call it a symmetric subspace. 
We shall see that a symmetric subspace is just an integral subspace whose topology is in- 
duced by M. A natural chart of at 6 can be obtained as a restriction of an exponen- 
tial chart of {M,b). The closed triple subsystem n < Lts(M, 6) induced by {N,b) satisfies 
n = {x G Lts(M, 6): Exp(jvj {,)(Mx) C A^} even if it is not separable. As a consequence, we 
observe that preimages of symmetric subspaces under morphisms are symmetric subspaces. 
We further show that a connected integral subspace (A^, b) of (Af , 6) whose Lie triple system 
n < Lts(M, b) splits as a Banach space is a symmetric subspace if and only if there exists a 
0- neighborhood C F in the complement F of n such that N n Exp^^j (VF ) = {b}. 
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In the finite-dimensional case, O. Loos shows that a closed reflection subspace can be 
naturally turned into a symmetric subspace. Similarly to the matter of turning a closed 
subgroup of a Lie group into a Lie subgroup, that can not be generalized to the Banach 
case, but we can still assign Lie triple systems to closed reflection subspaces: Given a closed 
reflection subspace {N,b) < {M,b), the set n := {x G Lts(M, 6): Exp(^ ;,)(R3;) C A^} is a 
closed subtriple system of Lts(M, b). To see this, we consider the Trotter product formula and 
the commutator formula for Lie groups and find comparable formulas for symmetric spaces. 

An equivalence relation R CI M x M on a symmetric space M that is a reflection subspace 
of M X M is called a congruence relation. If M is connected, then R is determined by each of 
its equivalence classes, which we then call normal reflection subspaces of M. Given a closed 
connected normal reflection subspace N<M with associated congruence relation R < M x M 
on M, we show that the quotient M/R can be made a symmetric space such that the natural 
quotient map vr : M — )• M/R is a morphism of symmetric spaces and a "weak" submersioi|3 
if and only if is a symmetric subspace of M. The corresponding assertion in the flnite- 
dimensional case can be found in |Loo69j . Along the way, we show that the Lie triple system 
n < Lts(M, 6) of a closed normal reflection subspace [N, b) < (M, b) is a (closed) ideal and that, 
given a closed ideal n < Lts(M, 6), the corresponding connected integral reflection subspace 
{N, b) < (M, b) is normal. 

The guiding philosophy of our work is that a connected symmetric space actually is a 
Banach homogeneous space: It can be identifled with the quotient of its automorphism group 
by a stabilizer subgroup (cf. [Klollb] ). This is based on the theorem that its automorphism 
group is a Banach-Lie group. Therefore, we study symmetric Lie groups, symmetric pairs 
and the functor Sym that assigns to a symmetric pair its quotient symmetric space. 

We can apply the results of this paper to give an integrability criterion for Lie triple 
systems. In the context of Banach-Lie groups, it is a well-known result that a Banach-Lie 
algebra 3 is integrable if and only if its period group 11(3) (which is a subgroup of the center 
of g) is discrete (cf. |EK64] and |GN03j ). In [Klollaj . the author shows a similar statement 
for Lie triple systems. 



Contents 

1 Introduction [2 



Basic Concepts and Notation 

2.1 Terminology for Submanifolds and Lie Subgroups 

2.2 Lie Triple Systems and Symmetric Spaces 

2.3 Symmetric Lie Algebras and Lie Groups 

2.4 The Automorphism Group of a Connected Symmetric Space 



Reflection Subspaces and Quotients of Symmetric Spaces 

3.1 Closed Reflection Subspaces 

3.2 Integral Subspaces 

3.3 Symmetric Subspaces 

3.4 Supplement to the Homogeneity of Connected Symmetric Spaces 

3.5 Quotients 



7 

7 

9 

n 

15 



^By the term "weak" submersion we mean that the tangent map of tt induces at each x £ M a. linear 
quotient map T^Tt. 



2 



2 Basic Concepts and Notation 



2.1 Terminology for Submanifolds and Lie Subgroups 

A subset of a smooth Banach manifold M is called a local submanifold at x £ N 
there exists a chart ip: U ^ V E of M at x and a closed subspace F of E such that 
(p{U n N) = VnF. If A is a local submanifold at each x S A, then it is called a submanifold 
and we obtain charts v^l^/n^ for A that define on A^ the structure of a manifold, which is 
compatible with the subspace topology. If each subspace F splits in £' as a Banach space, 
then A is called a split submanifold. Note that, for each x & N, the tangent map T^l of 
the inclusion map A M is a (closed) topological embedding. A submanifold A splits 
if and only if the inclusion map l is an immersion, i.e., if for each x £ N, the image of the 
topological embedding T^l splits Banach space. 

A subgroup H of a Banach-Lie group G is called a Lie subgroup if it is a submanifold of G. 
It is called a split Lie subgroup if it is even a split submanifold. Every Lie subgroup is closed. 
Given a Lie subgroup H < G with inclusion map l: H ^ G, the Lie algebra L{H) of H 
can be identified with f) := L{l){L{H)), which is given hy i) = {x £ L{G): exp(^(Mx) C H}. 
There exists an open 0- neighbor hood V Q L[G) such that exp^r |y is a local diffeomorphism 
onto an open subset of M and expG.(T^nf}) = expG(V")nF (cf. [NeeOGl Th. IV.3.3] or jHotTBl 
Prop. 3.4]). 

An integral subgroup of G is a subgroup H < G endowed with a Banach-Lie group 
structure such that the inclusion map l: H ^ G is smooth and L{l) is a topological em- 
bedding. Given some closed subalgebra f) of the Lie algebra L{G) of G, then the subgroup 
H := (exp(^([})) carries a unique structure of a connected integral subgroup of G with Lie 
algebra f) (cf. [Mai62l Satz 12.3]). If f) is a closed ideal in L{G), then the subgroup H is 
normal in the connected component Gq of the identity (cf. |Mai621 Satz 12.6]). If the Lie 
algebra of an integral subgroup H of G is separable, i.e., if it contains a countable dense 
subset, then we have L{i){L{H)) = {x £ L{G): expcO^x) C H} (cf. [NeeOGl Th. IV.4.14]). 
Note that an integral subgroup H < G that is compatible with the subspace topology is a 
Lie subgroup. 

2.2 Lie Triple Systems and Symmetric Spaces 

A Lie triple system (cf. [ Loo69j ) is a Banach space m endowed with a continuous trilinear map 
[•,-,•]: —>• m that satisfies [x, x,y] = and [x, y, z] + [y, z, x] + [z, x,y] = as well as 

[x,y,[u,v,w]] = [[x,y,u],v,w] + [u,[x,y,v],w] + [u,v,[x,y,w]] 

for all X, y, z, u,v,w £ m. Continuous linear maps between Lie triple systems that are compat- 
ible with the Lie brackets are called morphisms. A subspace n of m is called a triple subsystem 
(denoted by n < m) if it is stable under the Lie bracket. If it satisfies the stronger condition 
[n, m, m] C n, then it is called an ideal and we write n < m. An ideal n < m automatically 
satisfies also the conditions [m, n, m] C n and [m, m, n] C n. 

A reflection space (cf . |Loo67al ILoo67b| ) is a set M endowed with a multiplication map 
fi: M X M ^ M, (x,y) i— )• x • y, such that each left multiplication map fix '■= fJ-ix, •) (with 
X £ M) is an involutive automorphism of (M, //) with fixed point x. A subset of M that is 
stable under /x is called a reflection subspace. Given a subset S C M, we denote by (S) < M 
the generated reflection subspace, i.e., the smallest reflection subspace of M that contains S. 
A symmetric space is a smooth Banach manifold M endowed with a smooth multiplication 
map fi: MxM ^ M such that (M, /x) is a reflection space for which each x E M is an isolated 
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fixed point of the symmetry /x^.. Maps between reflection spaces that are compatible with 
multiplication are called homomorphisms. Concerning symmetric spaces, we refer to smooth 
homomorphisms as morphisms. If there is no confusion, we usually denote a reflection space 
(resp., symmetric space) simply by M instead by {M,fj,). 

The following facts about symmetric spaces can be essentially found in [Klollbj . which 
is partially due to |Ber08) and |Nee02| . The tangent bundle TM endowed with the multi- 
plication T/u is a symmetric space. In each tangent space T^M (with x G M), the product 
satisfies v ■ w = 2v — w. A smooth vector field on M is called a derivation if it is a mor- 
phism of symmetric spaces. Note that every derivation is a complete vector field. The set 
Der(M} of all derivations is a Lie subalgebra of the Lie algebra of all smooth vector fields 
on Given a distinguished point b G M, called the base point, the symmetry fif, in- 

duces an involutive automorphism (i^b)* of Der(M) given by {fJ-b)*{0 '■= o ^ o /i^. The 
(+l)-eigenspace Der(M)+ of (fib)* is a subalgebra of Der(M) and coincides with the kernel 
of the evaluation map ev;,: Der(M) — )• T^M, ^ i— )• ^(6). The (-l)-eigenspace Der(M)_ of 
(Hb)* is stable under the triple bracket [•,-,•] := [[•,•],•]• ^i^- the evaluation isomorphism 
evb lDcr(A/)_ ■ E)er(M)_ — )■ T^M of vector spaces, the tangent space T^M can be equipped 
with that triple bracket. It becomes a Lie triple system that we denote by Lts(M, 6). As- 
signing to each morphism of pointed symmetric spaces its tangent map at the base point, we 
obtain a covariant functor Lts (called the Lie functor) from the category of pointed symmetric 
spaces to the category of Lie triple systems. 

A Banach space can be considered as a symmetric space with natural multiplication 
X ■ y := 2x — y. From this perspective, a smooth curve a: M — )• M is called a one-parameter 
subspace 0/ M if a is a morphism of symmetric spaces. For each v G Lts(M, 6), there is a 
unique one-parameter subspace with a^(0) = v. The map Exp^j^^ : Lts{M,b) — )• M, 
V I— )■ ay{l) is called the exponential map of {M,b). It is a smooth map with Tq Exp^jyj = 
idLts(Af,6)) SO that it is a local diffeomorphism at and hence admits restrictions that are 
charts at b (called normal charts). A morphism /: (Mi, 61) — )• (M2,62) of pointed symmetric 
spaces intertwines the exponential maps in the sense that /oExpj-jyj^ = Exp(jy^2,62) ° Lts(/). 
For details concerning the exponential map, see [Klollbj . whose approach is based on affine 
connections H 

Given a one-parameter subspace a, we call the automorphisms Ta^s ■= fJ'a(^s) ° /^o(o)) 
s G M, of M translations along a. They satisfy TQ,^s(a(t)) = a{t + s) for all t G M. If M is 
connected, then any two points can be joined by a sequence of one-parameter subspaces, since 
we have normal charts. Therefore, in view of the identities a{l) = (r^ i)"(a(0)) for all n G N, 
it is easy to see that a connected M is generated by each subset U Q M with non-empty 
interior. As a consequence, the basic connected component Mq of (M, b) is generated by the 
image of the exponential map Exp^j^^ ;,). 

The automorphism group Aut(M) of a refiection space M (resp., of a symmetric space) 
has two important (normal) subgroups: The set of all symmetries x £ M, generates a 
subgroup which is denoted by Inn(M) and is called the group of inner automorphisms. The 
subgroup G{M) generated by all products x,y £ M, is called the group of displacements 

(cf. |Loo691 p. 64]). For a connected symmetric space M, these groups of automorphisms act 
transitively on M, since there are translations along one-parameter subspaces. 

Given a homomorphism /: Mi — )• M2, then for all gi G Inn(Mi), there exists a (not 

^Here, the term Lie algebra does not include a topological structure. 

^In [Klollbj . one-parameter subspaces are not dealt with, but it is easy to check that they coincide with 
geodesies. Cf. [Loo69l p. 87] for the finite-dimensional case. 
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necessarily unique) g2 € Inn(M2) with 



f°gi 



92 o /, 



(1) 



because for a decomposition gi = fixil^x2 " " " l^x^^ we can put g2 ■= IJ'f{xi)f^f{x2) ' ' ' f^f(xn)- As 
a consequence, a homomorphism /: Mi — )■ M2 of reflection spaces that is locally smooth 
around some b G Mi is automatically smooth (and hence a morphism of symmetric spaces) if 
Ml is Inn(Mi)-transitive. Thus, given pointed symmetric spaces (Mi, 61) and (M2,62) with 
Lie triple systems mi and m2, respectively, then a homomorphism /: (Mi, 61) — )■ (M2,b2) 
of pointed reflection spaces that satisfies / o Exp^^^ = Exp(^2,62) some continuous 

linear map ^ : mi — )■ m2 is a morphism of pointed symmetric spaces with Lts(/) = A. 

2.3 Symmetric Lie Algebras and Lie Groups 

A symmetric Lie algebra is a Banach~Lie algebra g endowed with an involutive automorphism 
9 of 0, i.e., 6'^ = idg. Given two symmetric Lie algebras (01,6*1) and (021^2), a continuous 
Lie algebra homomorphism A: 0i — )• 02 is called a morphism of symmetric Lie algebras 
if it satisfies A o 0i = 62 o A. The kernel of a morphism A: (01,^1) — >■ (02,^2) satisfies 
9i{kei{A)) C ker(^), so that (ker(yl), 0i|j^^|^|^|) is a symmetric Lie algebra. A symmetric Lie 
algebra (0, 6) decomposes as the direct sum of its (ibl)-eigenspaces denoted by = 0+ © 0_. 
The (+l)-eigenspace is a subalgebra of 0. The (— l)-eigenspace 0_ becomes a Lie triple 
system by defining := (cf. [Klollbl Prop. 5.9]). The adjoint representation 

ad: — )• 01(0), X — )• [rr, •] induces a representation 0+ — )• 01(0-), x 1— )• [x^ •]|g„- Assigning to 
each symmetric Lie algebra (0, 9) the Lie triple system 0_ and to each morphism of symmetric 
Lie algebras its restriction to the Lie triple systems, we obtain a covariant functor £ts. 

A symmetric Lie group is a Banach-Lie group G together with an involutive automor- 
phism cr of G. A morphism between symmetric Lie groups (Gi,cri) and (G2,cr2) is a smooth 
group homomorphism f : Gi G2 such that / o cji = (J2 ° f- The Lie functor L assigns to 
each {G,a) the symmetric Lie algebra L(G,a) := {L{G), L{a)) and to each morphism / the 
morphism L{f) of symmetric Lie algebras. The kernel ker(/) <] Gi of a morphism / is a Lie 



subgroup (cf. |GM03l Th. IL2]) that satisfies cTi(ker(/)) C ker(/), so that (ker(/), en |^^' ^. ) 



Given a symmetric Lie group {G,a) with symmetric Lie algebra {q,9), the subgroup 
G" := {g G G: cr{g) = g} of cj-fixed points is a split Lie subgroup with Lie algebra 0+ 
(cf. [Nee02t Ex. 3.9]). Open subgroups of G'^ are given by subgroups K < G'^ satisfying 
(G"^)o ^ C G'^, where (G'^)o denotes the identity component. For such a subgroup K, 
we call {{G,a),K) a symmetric pair and shall rather write (G, cr, K)|l| The quotient space 
Sym(G, cr, K) := G/K carries the structure of a pointed symmetric space with multiplication 

gK -hK ■.= ga{gr^a{h)K 

and base point K such that the quotient map q: G ^ G/K is a submersion. Note that q is 
a principal bundle with structure group K that acts on G by right translations (cf. |Bou89bl 
IILl.5-6]). When we consider the underlying symmetric space of G/K that is not pointed, 
then we shall frequently write IA{G/K) to prevent confusion. The Lie triple system ljis{G/K) 
can be identified with 0_ via the isomorphism (rig)|g_. Then the exponential map of G/K 
is given by 



is a symmetric Lie group. Its Lie algebra is (ker(L(/)), L((Ti)| 



ker(L{/))^^ 
ker(L(/))''- 




^Note that other authors do not include the involution a in their definition, but require its existence (cf. 



[HelOll l. 
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where expg denotes the exponential map of the Lie group G. For further details, cf. |Nee021 
Ex. 3.9]. 

Considering the transitive smooth action 

r : G X G/K G/K, {g, hK) ^ ghK, (3) 

it is easy to check that the corresponding diffeomorphisms Tg : G/K — )• G/K, hK i— t- ghK are 
automorphisms of the symmetric space U{G/K) and that 

= fJ-gROfJ-K for all g £ G with a{g) = g~^. (4) 

A morphism between symmetric pairs {Gi,(Ti,Ki) and {G2,cr2,K2) is a morphism 
/: (Gi,(Ti) — (G2,o-2) of symmetric Lie groups satisfying f{Ki) C K2- Note that f{G'[^) C 
G2^ and /((G^^)o) ^ (^2^)0 are always satisfied and that we moreover have f{{G'[^)o) = 
(^2^)0 if -L(/)((0i)+) = (02)+!! Every morphism / induces a unique map 

Sym(/) :=/,: Gi/i^i ^ Ga/i^z 

with Sym(/) o qi = q2 ° f that is automatically a morphism of pointed symmetric spaces. 
The assignment Sym is a covariant functor from the category of symmetric pairs to the 
category of pointed symmetric spaces. Denoting by F the forgetful functor from the category 
of symmetric pairs to the category of symmetric Lie groups, we have 

LtsoSym = £ts o L o F (5) 

(where we read L as the Lie functor applied to symmetric Lie groups). Indeed, the map 

|{S2)- 

ksi)- 



Lts(Sym(/)) : (gi)- — )■ (02)- is given by the restriction L(/)|[®^| of L{f), because we have 



ExpG2/A'2 0-^^(7) I (g')_ = 92oexpG2oL(/)|jjjj_ = g2o/oexp(;J(g^)_ 

= Sym(/)ogioexpGj(gi)_ = Sym(/) o Exp^./K, • 

Given a morphism / : {Gi,ai, Ki) — )• {G2,(72, K2) of symmetric pairs, then for all g £ Gi, 
we have 

Sym(/)orf^ = rg)oSym(/), (6) 

where t^"- (with i = 1,2) denotes the natural action of Gj on Gi/Ki (cf. ([3|)). 

Lemma 2.1. Let f : (Gi,(Ti) — ?■ (G2,ct2) be an injective morphism of a symmetric Lie group 
(Gi,(Ti) to the underlying symmetric Lie group of a symmetric pair {G2,o'2,K2). Then 
(Gi, o"!, i^i) with Ki := f^^{K2) is a symmetric pair turning f into a morphism of sym- 
metric pairs such that the morphism Sym(/): G\/K\ — )• G2/K2 is also injective. (Note that 
Gl' = f-\Gl^).) 

Proof. It is easy to see that for all x £ Gi, the condition x £ G^^ holds if and only if 
f{x) G Gg^. Hence, we have G"^ = /"-^(Gg^), so that Ki := f~^{K2) is an open subset 
of G^\ the subgroup K2 being open in Gg^. It is clear that / becomes a morphism of 
symmetric pairs. To see the injectivity of Sym(/), we take any gKi, hKi G Gi/Ki satisfying 
Sym(/)(5fi^i) = Sym(/)(/iKi) and shall show gKi = hKi. Indeed, by assumption, we 
have f{g)K2 = f{h)K2, entailing f{h~^g) G K2, so that G Ki. Hence, we obtain 

gKi = hKi . □ 



"Indeed, we have /((Gii)o) = (/(expg^ ((01) + ))) = (exp^^ ((02) + )} = {G2^)o- 
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2.4 The Automorphism Group of a Connected Symmetric Space 



Let M be a connected symmetric space. The Lie algebra Der(M) of derivations can be 
uniquely turned into a Banach-Lie algebra such that for each frame p in the frame bundle 
Pr(iW) over M, the map 



Der(M) ^ rp(Fr(M)), ^ ^ 



dt 



Fr(Flf)(p) 



t=o 



is an embedding of Banach spaces, where Fl^ is the time-t-flow of ^ and Fr(Fl^) is its induced 
automorphism of the frame bundle (cf. [Klollbl Cor. 5.18]). Given a base point b € M, the 
involutive automorphism (/ib)* of the Lie algebra Der(M) is actually continuous and hence 
an automorphism of the Banach-Lie algebra Der(M), so that (Der(M), (fib)*) is a symmetric 
(Banach-) Lie algebra and the evaluation map ev;, : Der(M)_ — )• Lts(M, b) is an isomorphism 
of Lie triple systems (cf. |Klollbl Prop. 5.23]). 

The automorphism group Aut(M) can be turned into a Banach-Lie group such that 

exp: Der(M) ^ Aut(M), ^ ^ Fl~^ 

is its exponential map. The natural map r : Aut(M) x Af — t- M is a transitive smooth action. 
Together with the conjugation map c^^ : Aut(M) — )• Aut(M), g ^ fj,h° g o fJ-b, the automor- 
phism group Aut(M) becomes a symmetric Lie group with Lie algebra L(Aut(M), c^j^) = 
(Der(M), (nb)*)- The stabilizer subgroup Aut(M)f, < Aut(M) leads to the symmetric pair 
(Aut(M), c^j^, Aut(M)f,). The induced symmetric space Aut(iVf)/ Aut(Af){, is isomorphic to 
M via the isomorphism Aut(M)/ Aut(M)fe M given by ^{g Ant{M)b) := g{b). We 
refer to this fact as the homogeneity of connected symmetric spaces. For further details, see 
Klollbl Sec. 5.5]. 



3 Reflection Subspaces and Quotients of Symmetric Spaces 

In this section, we deal with reflection subspaces and quotients of symmetric spaces. Taking 
advantage of the homogeneity of connected symmetric spaces, we shall partially translate 
knowledge from Lie groups to symmetric spaces. A useful source for writing certain parts of 
this section was a course held by H. Glockner, where analogous concepts for Lie groups were 
dealt with§ 



3.1 Closed Reflection Subspaces 

In this subsection, we shall assign Lie triple systems to closed reflection subspaces of pointed 
symmetric spaces. For this, we require formulas comparable to the well-known Trotter prod- 
uct formula (cf. |Tro59j ) and the commutator formula in the context of Lie groups (cf. 
|Bou89b[ Prop. 8 in III.6.4]). Given a Banach-Lie group G and any x and y in its Lie 
algebra L(G), we know that 



and 




Infinite- dimensional Lie groups, a course held by H. Glockner at the Technical University of Darmstadt 
in the Summer Semester 2005 
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The following lemma will aid us to translate these known formulas into the context of sym- 
metric spaces. 

Lemma 3.1. Let {G,a,K) be a symmetric pair with quotient map q: G ^ G/K and let 
= 0+ © 0- ^6 the Lie algebra of its underlying symmetric Lie group {G,a). We denote the 
exponential maps of G by exp and of G/K by Exp. Given any n G N, we have 

g( exp(x„) exp(y„) • • • exp(xi) exp(?/i)) = (/iExp(2f )^Exp(-^) • • • MExp(:^)MExp{-i^)) (^) 

for all xi,yi, . . . , Xn, y-n £ 0-; where fj, denotes the multiplication map on G/K. 

Proof. For all x G g_, we have cr(exp(rE)) = exp(— x) = (exp(x))~^ because of cj o exp = 
exp oL{a) and L{a)\g_ = - idg_ . It follows that r2^p(^) = fJ'e^p{x)K ° fJ-K = /^Exp(x) ° l^K for all 
X £ Q- (cf. (HD), so that we have 



-^expCx) = Texp(f ) = MExp(f ) ° f^-K for all X G S_ 

and hence 

Texpix)exp(y) = Texp(x) ° '^exp(-y) = /^Exp(f) ° /"Exp(-|) fo^ X,y G 

Therefore we obtain 

g(exp(x„) exp(y„) • • • exp(xi) exp(yi)) = (rexp(x„)cxp(y,0 TcM^i) ('Mvi)) (^) 

= (/^Exp(i!|i)^Exp(-2^) • • •^Exp(i^)^Exp(-^))(^)- ° 

Proposition 3.2. Let {M,b) be a pointed symmetric space. For all x,y,z G Lts(M, 6), we 
have the formulas 

Exp(M,fe)(x + y) = ^li^m (/^Exp(,,,,)(^)/^Exp(^,,,){--JL))'(6) 

and 

Exp(^^,)([x,y,z]) = ^lim ^Um (5(fc,;)/XExp(„,,)(4)/i{fc,/)MExp(,,,,)^ (&) 
with ^ 

9(k,l) ■■= (/iExp(^,,,)(^)^Exp(^,,,)(-^)/^Exp(^,,,){-^)/^Exp(,,,,)(^))' 

and ^ 

hk,r) ■■= (/iExp(,,,,)(^)/^Exp(„,,)(^)^Exp„„,(-^)/^Exp,M,.)(-5y^))' • 

Proof. W.l.o.g., we assume M to be connected, so that we can identify it with the homoge- 
neous space Aut(M)/ Aut(M)b (in the following abbreviated by G/Gh). Applying Lemma lSTT] 
to the quotient map q: G ^ G/Gh, we obtain 

ExpG/G,(a^ + y) = 9(expG(x-hy)) = ^lim^g((expGr (|) expG (|))'' 

= ^lim (/iExp«^c^(-|)/iExpc/^J-JL))'(Gb). 

Further, we have 

= ^limg((exp^(^)exp^(-)exp^(-^)exp^(--)) ^ 
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with 



expG [—r-) = hm ( exp^ (-7=) exp^ (-7=) exp^ ( - — ) exp^ ( 



and 

expc ( - ^) = 1- ( exp^ ( - ^) exp^ (^) exp^ (^) exp^ ( - ^) 

so that applying again Lemma |3. II leads to the assertion. □ 

Proposition 3.3. Let (M, b) be a pointed symmetric space and {N, b) < (M, b) be a closed re- 
flection subspace. Then n := {x G Lts(M, b) : Exp(j,j 5-)(Mx) C N} is a closed triple subsystem 
ofUs{M,b). 

Definition 3.4. We call n < Lts(M, b) the Lie triple system of the closed reflection subspace 
{N,b) < {M,b). 

Proof. Cf. [Loo691 p. 126] for the finite-dimensional case. By the continuity of the exponential 
map, it is clear that n is a closed subset of Lts(M, 6). Further, it its trivial that Mn C n. 
Given any x,y,z G n, Proposition 13.21 shows that Exp^j^,^ (tx + ty) and Exp(^^;,)([tx, ty, tz]) 
lie in N for all t G M, since iV is a closed reflection subspace of M. Thus, we have x + y G n 
and [x, y, z] G n, entailing that n is a triple subsystem of Lts(M, b). □ 

Lemma 3.5. Let f: (Afi,6i) — )• (M2,62) be a morphism of pointed symmetric spaces and 
N2 C M2 a subset. We consider the sets Ni := f^^iN2) and 

m := {x G Us{Mi,b^)■. Exp(^j^^b^)(Mx) C iVj 

for i = 1,2. Then we have ni = Lts(/)~-'^(n2). 

Proof. Given any x G Lts(Mi,6i), we have x G ni if and only if /(Exp^^^^ ;,^)(Mx)) C N2, 
which is equivalent to Exp(^j^.j^^fj^-^(RLts{f){x)) C N2, i.e., to Lts(/)(x) G 1x2. Hence, it follows 
that m = Lts(/)-^(n2). □ 

Proposition 3.6. Let f : (Mi, 61) — )■ (M2,62) be a morphism of pointed symmetric spaces 
and {N2,b2) < (M2,62) a closed reflection subspace with Lie triple system n2 < Lts(M2,62)- 
Then Ni := f^^{N2) is a closed reflection subspace of (Mi, 61) with Lie triple system 
m = Lts(/)-i(n2). 

Proof. The assertion follows immediately by Definition 13.41 and Lemma 13.51 □ 



3.2 Integral Subspaces 

An integral subspace of a symmetric space M is a reflection subspace N < M endowed 
with a symmetric space structure such that the inclusion map l: — t- M is smooth and for 
each b £ N, the induced morphism Ltsfe(i): Lts(iV, 6) — )• Lts(M, 6) of Lie triple systems is 
a (closed) topological embedding. In the light of ([TJ, we know for Lin(A^)-transitive (e.g. 
connected) N that, for each 61,62 £ the map Ltsfej(z.) is a topological embedding if and 
only if LtS{,2 (/-) is one. 

We shall frequently identify Lts(A^, 6) with its image n C Lts(M, 6) under Ltsb(i). Thus, 
the exponential map Exp^^ ;,) of {N,b) is the restriction Exp^j^j ;,) \n of the exponential map 
Exp(j\,/ ;,) of {M,b). The basic connected component A'o of A^ is given by A'o = (Exp(jv,j 5)(n)) 
(cf. Section [22]). 
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Example 3.7. Let {G, ac, Kg) be a symmetric pair and l: {H, an) (G, ctq) be an injective 
morphism of symmetric Lie groups such that l: H — t- G is an integral subgroup. With 
Kh := i~^{KG), the map l: {H,cth,Kh) {G,aG, Kq) is a morphism of symmetric pairs 
and Sym(t) : H/Kh G/Kq is an injective morphism of pointed symmetric spaces (cf. 
Lemma [2fr]) . The induced map Lts(Sym(t)) : ljis{H/KH) Lts^G/Kc) is given by i:ts(L(0) 
(cf. ([5])), i.e., by the topological embedding f)_ ^ g_, where g and t) denote the Lie algebras 
of G and H, respectively. 

Therefore Sym(i) is an integral subspace if H/Kh is Lin(ZY(ff/ii'//))-transitive, but this 
additional assumption is not necessary. Indeed, to see that, for each h £ H, the map 
Lts/ii^^(Sym(t)) is a topological embedding, it suffices to note that 

Lts/jii-^(Sym(t)) oLtsii-^(T;f) = LtSi^Q(r^'^;^)) o Ltsi^^(Sym(i)) 
(cf. IH])), where and t^j^^ are automorphisms of symmetric spaces. 

Lemma 3.8. Let {M,b) be a pointed symmetric space, (iV, 6) < {M,b) an \mi[N) -transitive 
reflection subspace and n a closed triple subsystem o/Lts(M, 6) such that Exp^j^j j,) (n) C N . 
Let L : ( A^, b) — )• (M, b) be the inclusion map. Then there is at most one integral subspace 
structure on N which makes n the Lie triple system of N, i.e., im(Lts(t)) = n. 

Proof. Let Ai and A2 be smooth atlases on A^, each of them making it an integral sub- 
space with Lie triple system n. Since we have idN °^W{M,b) U = '^W{M,b) In ° idn, the map 
idAT : {N, Ai) {N, A2) is smooth (cf. SectionE^]). The inverse map idAr : {N, A2) (N, Ai) 
being smooth, too, the map id^v is an isomorphism of integral subspaces. □ 

Remark 3.9. In Example 13.71 the integral subspace H/Kh of G/Kq is not assumed to be 
Inn(ZY(i7/-Rri^))-transitive, but, nevertheless, there is no other integral subspace structure on 
(the reflection subspace) H/Kh with Lie triple system {)_ g_ if we require, in addition, 
that the natural action r^: H x H/Kh — ^ H/Kh (cf. ^) is smooth. (Actually, it suffices 
to require that it induces smooth maps t/^ for all h G H.) Indeed, with {M,b) := G/Kq 
and {N,b) := H/Kh, the equation in the proof of Lemma 13.81 still shows that idAr is at least 
locally smooth around b. Since we have id^v °Th — '^h ° ^'^N for all h £ H, the map idAr is 
smooth around every point in and hence smooth. 

Before giving a proposition about integrating a closed triple subsystem of the Lie triple 
system of a pointed symmetric space to an integral subspace, we consider the following 
lemmas: 

Lemma 3.10. Let {G,a) be a symmetric Lie group and let t) < L{G) be a L{a) -invariant 
closed subalgebra of the Lie algebra L(G). Then the connected integral subgroup H := (exp(f))) 
of G with Lie algebra is a-invariant. Further, {H,aH) with an '■= (^\h ^ symmetric Lie 
group with symmetric Lie algebra ([}, L(o")|[j). 

Proof. The u-invariance of H can be checked by a standard argument. From exp |(,oL((t)|[J = 
an ° exp If,, we deduce that the map an is smooth on an open identity neighborhood and 
hence globally smooth being a group homomorphism. It follows that L{(jh) = L{a)^. □ 

Lemma 3.11. Let {q,6) be a symmetric Lie algebra and let n be a closed triple subsystem 
of Q^. Then the closed subspace f) := [n, n] ® n < 0+ © 0_ of q is a 6 -invariant subalgebra 
of Q, hence a symmetric Lie algebra with = [n, n] and f)_ = n. 



10 



Proof. Cf. |Loo69l p. 122] or [HelOU Ch. IV, § 7] for the finite-dimensional case. The proof 
carries over to the Banach case. □ 



Proposition 3.12. Let {M,b) be a pointed symmetric space and n a closed triple subsystem 
ofLts{M,b). Then N := (Expj-^,^ ;,)(n)) < M can be uniquely made an integral subspace of 
M with Lts(A^, 6) = n. Note that N is connected. 

Proof. Since is a reflection subspace of the basic connected component Mq, we can, w.l.o.g., 
assume M to be connected and identify it with the homogeneous space Aut(M)/ Aut(M)ft, 
in the following abbreviated by G/Gb. We further put a := c^j, and {q, L{a)) := L{G,a). 
Considering the cr-invariant connected integral subgroup H := (exp({))) of G with L{a)- 
invariant Lie algebra f) := [n, n] © n < 0+ © g_ (cf. Lemma 13.111 and Lemma I3.10p . we 
obtain a morphism l: {H,aH, Hb) — ^ {G,a,Gb) of symmetric pairs with an '■= cr\^ and 
Hb := GbD H (cf. Lemma 13.101 and Example 13. 7p . It induces a connected integral subspace 
Sym(0 : H/Hb G/Gb with Us{H/Hb) = f)_ = n by Example O From H/Hb = 
(Eyipjj/jj^in)) , we obtain H/Hb = {^^Pc/Gti^)) when considering H/Hb as a subset of G/Gb- 
The uniqueness assertion follows by Lemma 13. 8| since N has to be connected (and hence 
Inn(A^)-transitive) because of A^'o = (Exp(^j_(,-)(n)). □ 

Corollary 3.13. The connected integral subspaces of a pointed symmetric space {M,b) are 
in one-to-one correspondence with the closed triple subsystem o/Lts(M, 6). 

Proposition 3.14. Let {M,b) be a pointed symmetric space and (iV, 6) a connected integral 
subspace. If its Lie triple system n < Lts(M, 6) is separable, i.e., if it contains a countable 
dense subset, then we have n = {x £ Lts(M, b) : Exp^j^,^ (Mx) C N}. 

Proof. W.l.o.g., we assume M to be connected. Having the situation of Proposition !?. 121 we 
refer, in the following, to the definitions and notation made in its proof. Since n is separable, 
the Banach-Lie algebra f) = [n, n] © n is also separable, so that f) = {x € g: exp(Mx) C H} 
(cf. Section EH). 

Given any x G Lts(G/Gb) = g_ with 'Expq^q^{Mx) C Sym{L){H/ Hb), we shall show that 
X G n = f)_. For any t G R, we have 

Ex.pQ/Q^(tx) = exp(tx)Gb £ Sym{L){H/ Hb), 

i.e., there exist some h £ H and some k £ Gb satisfying exp(tx) = hk. Since we have 
(7(exp(tx)) = exp(L((7)(tx)) = exp(— tx), we obtain 

exp(tx) = (cT(exp(tx)))"^ = a{k)-^a{h)-^ = k-^a{h)-^, 

so that 

exp(2tx) = exp(tx) exp(tx) = hkk^^a{h)^^ = ha{h)^^ £ H. 
Therefore, we obtain exp(Mx) C H, i.e., x G f). Hence it follows that x G 0- Pi f) = f)_. □ 

3.3 Symmetric Subspaces 

A symmetric subspace of a symmetric space M is a reflection subspace N < M that is a 
submanifold of M. It is clear that such itself is a symmetric space. If, in addition, 
is a split submanifold, then we say that A^ is a split symmetric subspace. Let l: N ^ M 
be the inclusion map. Then, for each b £ N, the induced morphism Ltsb(i) is a topological 
embedding, A^ being a submanifold. Therefore, a symmetric subspace is an integral subspace 
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and we shall frequently identify Lts(A^, b) with its image n in Lts(M, b) under Ltsfe(z.). In the 
light of ([!]), we know for Inn(A^)-transitive (e.g. connected) that splits if and only if n 
splits in Lts(M, b) as a Banach space. Every open reflection subspace of a symmetric space is 
a (split) symmetric subspace. In particular, the connected components of a symmetric space 
are symmetric subspaces. 

Problem 3.15. Being a submanifold, a symmetric subspace < M is locally closed. There 
arises the question whether - or under which conditions - it is moreover closed in M. 

Proposition 3.16. Let M be a symmetric space. Each open symmetric subspace N < M 
is also closed in M . Hence, if in addition, M is connected, then N is empty or coincides 
with M. 

Proof. If M is connected and N is not empty, then M is generated by N (cf . Section 12. 2p , 
so that we have M = {N) = N . Otherwise, we write M as the union Uig/Cj of its connected 
components. Each non-empty intersection N OCi is an open symmetric subspace of Ci and 
hence coincides with Cj. Denoting by /at C / the subset of all indices i £ I for which 
n Cj 7^ 0, we obtain A^ = Ui^jj^Ci. As each connected component of M is open, the 
complement of A^ is so, being a union of connected components. □ 

Proposition 3.17. Let {M,b) be a pointed symmetric space and {N,b) be a symmetric sub- 
space with inclusion map c: {N,b) — )■ {M,b). The image ofLts{N,b) under Lts(i) is given by 
n := {x G Lts(M,6): Exp(^j (Mx) C A^}. 

Proof. The inclusion im(Lts(i)) C n is clear, since we have 

Exp(A^,b)(MLts(i)(x)) = 4Exp(^^,)(Rx)) C A^ 

for all X G Lts(A^, 6). We shall prove the converse inclusion: Given any x G n, the one- 
parameter subspace a: M — )• M with a(t) = Exp^^^^ (tx) actually lies in A^, so that we 
obtain a one-parameter subspace a^v '■= o q: M — )• A^. Note that this map is indeed 
smooth, A^ being a submanifold. We obtain 

X = a'(0) = (toaAr)'(O) = Lts(/-)(a'^(0)) G im(Lts(i)), 

so that n C im(Lts(t)). □ 

Proposition 3.18. Let {M,b) be a pointed symmetric space and {N,b) be a symmetric 
subspace with Lie triple system n < Lts(M, 6). Then there exists an open 0-neighborhood 
V C Lts(M, 6) such that Expj-^j ;,-) \ v is a diffeomorphism onto an open subset of M and 

Exp(M,b)(ynn) = Exp(M,6)(^)nAf. 

Proof. Let W C Lts(M, 6) be an open 0-neighborhood such that Exp^^j ;,) is a diffeomor- 
phism onto an open subset of M and let VI, C n be an open 0-neighborhood in n such that 
Exp(^ ;,) |v„ = Exp^^ ;,) is a diffeomorphism onto an open subset of A^ and Vn C W . Since 
A^ is a topological subspace of M, there exists an open set U in M with Exp^j^^ ( V|t) = UCiN. 
We assume that U = Exp^^^^ (y ) for some open 0-neighborhood V C W, as we can otherwise 
replace U hy U D Exp(j^^ ;,-)(W"). 

It is clear that Exp^^^^ (F n n) C Exp(j;^ ;,)(y) n A^, since Exp^j^j (n) = Exp(-^ ;,)(n) C A^. 
Conversely, given any x £ V with Expj-^,^ (x) G A^, we have Exp^jyj (x) G Exp(jyj;,)(Vn). 
As the exponential map is injective on W, we obtain x £ Vn and hence x G n, entailing the 
converse inclusion. □ 
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Remark 3.19. For the proof, it actually suffices to let {N, b) be an integral subspace whose 
topology is induced by M, i.e., the inclusion map i: — t- M is a topological embedding, 
but, by the assertion, N is then automatically a submanifold of M and hence a symmetric 
subspace. 

Corollary 3.20. Let M he a symmetric space and N < M an integral subspace whose topology 
is induced by M, i.e., the inclusion map l: N ^ M is a topological embedding. Then N is a 
symmetric subspace of M . 

Proposition 3.21. Let {M,b) be a pointed symmetric space and {N,b) < {M,b) be a re- 
flection subspace that is a local submanifold at b. If the natural action of Aut{M,N) : = 
{g £ Aut(M) : g{N) = N} on N is transitive (e.g. if N is Inn(N) -transitive), then N is a 
submanifold of M , hence a symmetric subspace. 

Proof. Given any b' £ N, there exists some g £ Aut(M, N) with g{b) = b' by assumption. Let 
U ^ V C E he a chart of M at 6 with ip{UriN) = y nF for some closed subspace F of E. 
Then the chart ipg : g{U) V ^ E aX b' with ipg := if o g~^ satisfies ipg{g{U) n N) = V H F, 
so that is a local submanifold at b' and hence a submanifold of M. □ 

Lemma 3.22. Let {M,b) be a pointed symmetric space and let E and F be closed subspaces 
of Lts(M, b) such that Lts(M, b) = E ® F is a decomposition of Lts(M, h) as a direct sum of 
Banach spaces. Then the map E x F ^ M, {x,y) i— )■ Exp^jyj (x) • Exp^j^j (y) is a local 
diffeomorphism around (0,0). 

Proof. The tangent map of <I> at (0,0) is given by 

T(ofi)<^{v,w) = %5)/i(To(Exp(Af,ft) |i5)(w),ro(Exp(jv^,,) lF)(?i')) 
= T(^h,b)lJ'{v,w) = 2v-w 

(cf. Section [2. 2p . Thus it is a topological linear isomorphism, entailing the assertion. □ 

Proposition 3.23. Let (M, b) be a pointed symmetric space and {N, b) < (M, b) be an 
lnn{N) -transitive (e.g. connected) integral subspace with Lie triple system n < Lts(M, 6) that 
splits as a Banach space. Let F be a complement of n, i.e., Lts(M, 6) = n© F. Then the 
following are equivalent: 

(a) N is a symmetric subspace of M (and hence automatically a split symmetric subspace). 

(b) There exists a Q -neighborhood W ^ F with N n Exp^j^^ (VF) = {5}. 

Proof, (a)^(b): Due to Proposition l3.18l there exists an open 0-neighborhood V := VnxVp C 
n©F such that Exp^^ jy is a diffeomorphism onto an open subset of M and Exp^j^^ (14) = 
Exp(jy^ (1/) n A''. Intersecting both sides of this equation with Exp^j^^ ;,-)(Vi?) leads to 

{6} = Exp(M_fe)(KnyF) = Exp^M^f,){VF) n N. 

(b)=^(a): Due to Proposition 13.211 it suffices to show that is a local submanifold of 
M at b. By Lemma 13.221 there exists an open 0-neighborhood V := Vn x Vp C n (B F 
with Vp W such that <I> : n ® F — ^ M, x (B y ^ Expj-^,^ (x) ■ Exp^j^^ (y) restricts to 
a diffeomorphism $|y onto an open subset of M. We claim <I'(Vn) = ^{V) n A^, which 
entails that A^ is a local submanifold at b. The inclusion $(T4) C ^{V) H A^ is clear, since 
^(^) ^ ^i^) Q N ■ b Q N . To see the converse inclusion, take any x (B y £ V with 
$(x (B y) £ N and show y = 0. Because of Exp(^^^)(x) £ Exp^j^^ f,) (n) C A^, we have 
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Exp(M,6)(2/) = Exp(A^,fe)(x) • e y) G iV and hence Exp(A^^b)(y) N n Exp(A/^b)(VF) = {b}. 
Thus we obtain y) = b ■ Exp^^y^ = Exp(^j ;,)(y) = 6, so that y = follows by the 
inject ivity of □ 

Remark 3.24. The proof of (a)=^(b) does not require the Inn(A^)-transitivity of A^. 

Proposition 3.25 (Preimages of symmetric subspaces). Let f : Mi — )■ M2 be a morphism of 
symmetric spaces and N2 < M2 a symmetric subspace. Then Ni := f^^{N2) is a symmetric 
subspace of Mi and, for each base point bi € Mi, we have 

Lts(iVi, 61) = LtSb,(/)-i(Lts(iV2, &2)) 

with 62 := fibi). 

Proof. Being the preimage of a reflection subspace, A'^i is a reflection subspace of Mi. To 
see that it is a submanifold (and hence a symmetric subspace), we take any bi G Ni and 
shall show that it is a local submanifold around 61. We put 62 := f{bi), 1x2 := Lts(A''2,62) 
and ni := Ltst^ (/)^^(n2). Due to Proposition 13.181 there is an open 0-neighborhood V2 CI 
Lts(M2,62) such that Exp(jy,j2,fe2) 1^2 * diffeomorphism onto an open subset of M2 and 

ExP(A^2,62)("t^2nn2) = Exp(^M2,b2)iy2) n N2. 

We restrict the exponential map of (Mi, 61) to an open 0-neighborhood Vi Q Lts(Mi, 61) such 
that Exp(^^^ I Vi is a diffeomorphism onto an open subset of Mi and Lts^j (/)(Fi) C V2. We 
claim that 

Exp(Mi,6i)Ct4 nm) = Exp(Af,^;„)(yi)niVi, 

which entails that A^i is a local submanifold around 61. The inclusion Exp^^j^ ;,^-)(Vi n ni) C 
Exp(j\/^^6j)(Vi) n Ni is clear, since Exp(jv,j^ ;,^)(Vi n ni) C iVi follows by 

/(Exp(Mi,{,i)("i)) = Exp(^j2,fe2)(Lts6i(/)(ni)) C Exp(jv/2,fe2)(n2) C N2. 

To see the converse inclusion, take any x G Vi with Exp^j^^^ (,^)(x) G A''i and show that x £ ni. 
Because of 

Exp(M2,fe2)(LtSbi(/)(x)) = /(Exp(^j^^fe^)(x)) G N2, 

we obtain 

ExP(M2,b2)(LtSfei(/)(2;)) G Exp^M2,b2)iy2) n N2 = Exp(A^2^62)(V2nn2), 

so that Lts6^(/)(x) G 1x2, i.e., x G ni. 

It remains to prove that Lts(A'^i,6i) = ni. This follows immediately by Proposition 13.171 
and Lemma 13.51 □ 

Corollary 3.26. Let f: (Mi, 61) — t- (M2,fe2) be a morphism of pointed symmetric spaces. 
Then its kernel ker(/) := /~^(62) is a closed symmetric subspace of (Mi, 61) with Lie triple 
system Lts(ker(/)) = ker(Lts(/)). 
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3.4 Supplement to the Homogeneity of Connected Symmetric Spaces 

For some purposes, the automorphism group of a connected symmetric space M is too large 
and it is useful to consider the group G{M) of displacements. In the finite-dimensional 
setting, this group is an integral subgroup of Aut(M) and leads to a further identification 
M = G{M)/G{M)b (cf. t Loo69| ). In the following, we shah deal with the Banach case. 

Definition 3.27. Given a pointed connected symmetric space (M, 6), we consider the sym- 
metric Lie group (Aut(M), c^^^) with Lie algebra (Der(M), (fib)*)- We denote by G'{M,b) := 
(exp(3'(M, 5))) the connected integral subgroup of Aut(M) that belongs to the closed subal- 
gebra 

g'(M,6) := [Der(M)_, Der(M)_] Der(M)_ 

of Der(M) (cf. Lemma [3TT|) . By Lemma IXTOl G'{M,b) is c^^-invariant and {G'{M,b),a') 
with a' := c^i,|G"{j\/,fe) is a symmetric Lie group. 

Proposition 3.28. Given a pointed connected symmetric space {M,b), the symmetric pair 
{G'{M,b),a',G'{M,b)b) where G'{M,b)b < G'{M,b) denotes the stabilizer subgroup ofb leads 
to an isomorphism 

: G'(M, b)/G'{M, b)b ^ M, gG'{M, b)b ^ g{b) 

of symmetric spaces. 

Proof. The morphism l: {G'{M,b),a' ,G'{M,b)b) (Aut(M), c^,,, Aut(M)b) of symmetric 
pairs induces an integral subspace Sym(i): G'{M,b)/G'{M,b)b Aut(M)/ Aut(M)fe with 
Lts(Sym(i)) = id£)er(M)_ (cf- Example 13. 7p . Since its image im(Sym(i)) is given by 

(ExpA,t(M)/Aut{M),(Der(M)_)> = (Aut(M)/ Aut(M)5)o = Aut(M)/ Aut(M)fe, 

it is a diffeomorphism by an argument of uniqueness (cf. Proposition 13. 12| . □ 

Corollary 3.29. The natural smooth action G'{M,b) x M ^ M is transitive. 

Remark 3.30. The subgroup G'{M,b) of Aut(M) satisfies G{M) < G'{M,b) < G(M), 
where the closure is taken in Aut(M). Indeed, the group G{M) of displacements is the 
smallest c^^^ -invariant subgroup of Aut(M) that acts transitively on M (cf. |Loo691 p. 93]), 
so that the inclusion G{M) C G'{M,b) follows. Since for each ^ G Der(M)_, its flow map 
Fl| is given by Fl^ = /^Exfj^j^ ^(^^(fe)) ° A'b ( [Klollbl Th. 5.5.1]), the exponential map exp of 

Aut(M) maps Der(M)_ into G{M), so that we have exp(0'(M,6)) C G{M) by the Trotter 
product formula and the commutator formula (cf. ([7]) and ([8])). 

3.5 Quotients 

An equivalence relation C M x M on a reflection space M that is a reflection subspace 
of M X M is called a congruence relation. A congruence relation R is just an equivalence 
relation for which the multiplication map on M induces a multiplication map on the quotient 
M/R (cf. quotient laws for magmas in |Bou89al 1.1.6]). It can be easily checked that M/R 
becomes a reflection space. Given a congruence relation R on M, every inner automorphism 
g E Inn(M) maps equivalence classes onto equivalence classes. To see this, one firstly observes 
that for every symmetry /z^, z € M, a given pair {x,y) € M x M satisfies {x,y) £ R if and 
only if we have {iiz{x), Hz{y)) G R and secondly respects that Inn(M) is generated by the set 
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of all symmetries i^z, z £ M. Thus, if the group Inn(M) of inner automorphisms of M acts 
transitively on M (e.g. if M is a connected symmetric space), then a congruence relation is 
determined by each of its equivalence classes, which we then call normal reflection subspaces 
of M, denoted by N <M. In this section, we characterize closed connected normal reflection 
subspaces of a connected symmetric space for which the quotient becomes a symmetric space. 

Lemma 3.31. Let M he an Inn{M) -transitive (e.g. connected) symmetric space, N < M he 
a normal reflection suhspace and R < M x M he its associated congruence relation on M . 
Then N is a closed suhset of M if and only if R is a closed suhset of M x M. 

Proof. If i? C M X M is closed, then iV C M is closed, too, since N = f'^{R) with the 
morphism /: M — )■ M x M, x i— )• {x,b), where we fix some b £ N. Conversely, we assume 
to be closed in M. Then every equivalence class is closed in M, since each one can be obtained 
as the image of under an (inner) automorphism of M. Given any sequence {xn,yn)nGn in 
R with limit (x, y) in M x M, we shall show that (x, y) £ R. Let 

V := (Exp(^^^,) |^)-i -.U^VQ Lts(M, x) 

be a normal chart at x. The smooth map 

yf-'-U ^U, Exp(A^^^)(t;) ^ Exp(jvj^^)(i^;) (with v £V) 

satisfies ^/u ■ u = x and y/u ■ x = u for all u £ U (cf. Section [2.2p and further \/x = x. For 
sufficiently large n G N, we have x„ £ U, so that 

x-y = lim y/x^ ■ lim y„, = lim (^/i;; • ?/„) 

n— >oo n— >oo n— >oo 

by the continuity of the map and of the multiplication map. Each y/x^ ■ yn is obtained 
in the equivalence class [^/x^ ■ x„] = [x\ , entailing that x ■ y £ [x\hy the closedness of the 
equivalence classes. Hence it follows that y £[x ■ x\ = [x], i.e., (x,y) £ R. □ 

Proposition 3.32 (Lie triple systems of closed normal reflection subspaces). Let {M,b) be 
a pointed Inn(M) -transitive (e.g. connected) symmetric space and {N,b) < {M,b) he a closed 
normal reflection suhspace. Then the Lie triple system n < Lts(M, b) of N is a (closed) ideal. 

Proof. Cf. [Loo69t p. 131] for the finite-dimensional case. Let R < M x M he the associated 
congruence relation on M. We put m := Lts(M, b) and let r < m x m be the Lie triple system 
of the closed reflection subspace R < M x M (cf. Lemma l3.3ip . so that 

r = {{x,y) £mxm: (Exp(Aj f,)(tx), Exp(Af,b)(ty)) £ R for all t £ M} 

by Definition [331 Since we have N x {b} = Rn{M x {b}), it follows that 

n X {0} = {(x,y) G m X m: (Exp(A^ f,)(tx), Exp(A^ f,)(ty)) £ N x {b} for ah t £ R} 

= {(x,y) G m X m: {Exp ^M,b){tx),'^W{M,b){ty)) ^ (M x {b}) for all t £ M} 
= rn(mx{0}). 

To see that n < m is an ideal, take any x G n and y, z £ m and show that [x, y, z] G n. For 
this, we firstly observe that r contains the diagonal A^,, since R contains the diagonal Am. 
Therefore, we have 

([x,y,z],0) = {[x,y,z],[0,y,z]) = [(x, 0), (y, y), (z, z)] G [r,r,r] C r 

and hence {[x,y,z],0) G rfl (m x {0}) = n x {0}, so that [x,y,z] G n. □ 
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We now intend to show that, given a pointed connected symmetric space (M, b) and a 
closed ideal n < Lts(M, 6), the corresponding connected integral subspace {N,b) < {M,b) is 
normal. Identifying a connected symmetric space with the quotient G/K of a symmetric 
pair, the idea is to obtain as the image of a normal subgroup L < G under the quotient 
map. This is due to [Loo69] in the finite-dimensional case. Firstly, we need the following 
lemmas. 

Lemma 3.33. Let G be a group, K < G a subgroup and q: G ^ G/K, g i— )• gK the 
quotient map. Let L<G be a normal subgroup and S := {(51,52) G G x G: gi^g2 G L} the 
equivalence relation on G that is induced by L<G. The image R C G/K x G/K of S under 
the map q x q: G x G ^ G/K x G/K is an equivalence relation on G/K. It is given by 
R = {{giK, g2K) G G/K x G/K: g^ 52 G LK}. Every equivalence class of S is mapped by 
q onto an equivalence class of R. 

Proof. Since L is a normal subgroup of G, the set P := LK = KL is a subgroup of G. We 
claim that 

{giK,g2K) eR ^ g^^g2 eP ^ g^^gi G P (9) 

for all 51,(72 G G. The second equivalence is trivial, P being invariant under inversion. Given 
any 51,52 G G, we have (giK, g2K) £ R if and only if there exists some ki,k2 G K with 
(51^1752^2) G S, i.e., with 52/C2 G L or, equivalently, with g^ 52 G Lkik2 . This 

holds if and only if 5f ^52 G LK = P. To see that R is an equivalence relation follows 
then easily by Q. Given any 51 G G, the equivalence class of giK G G/K is given by 
{g2K G G/K: 52 G giLK}, i.e., by giLKK = giLK, and is hence the image of the equiva- 
lence class 5iL of 5i under the map q. □ 

Remark 3.34. Note that 5 is a subgroup of G x G (cf. jBouSOal 1.4.4, 1.1.6]). 

Lemma 3.35. Given a connected Banach-Lie group G with Lie algebra g, let i<Q be a closed 
ideal and L := (exp(^([))<G the corresponding normal connected integral subgroup. We endow 
the induced equivalence relation S := {(51,52) G G x G: 5]" 52 G L} on G with the structure 
of a smooth Banach manifold making the bijective map <1> : G x L — t- S", {g,l) (5, gl) a 
diffeomorphism. Then S becomes a connected integral subgroup of G x G. 

Proof. It is easy to check that <I> is a correctly defined map that is bijective with inverse map 
: 5 — )• G X L, (51,52) I— ?• (51,5^^52)- We organize the proof in three steps. 
Step 1: The map c: G x L ^ L, {g,l) 1— s- glg~^ is smooth. To see this, we firstly show 
that all partial maps 

Cg: L ^ L, / I— glg~^ and d' : G ^ L, g ^ glg~^ 

are smooth. For each g £ G, the Lie functor assigns to the conjugation map Gg: G ^ G, 
h I— ghg~^ the partial map Ad^ of the adjoint action Ad: G x g — )• g, so that Gg o exp,^ = 
exp^oAdg. As a closed ideal of g, the Lie algebra I is Adg-invariant (cf. |Mai621 p. 26]), so 
that we obtain Cg o exp^ = exp^ o Ad^ |[, which shows that the homomorphism Cg is smooth. 
For each / := ex.p^{x) G L (with x G I), the map is given by c\g) = Cg(exp^(x)) = 
exp^(Ad(5, x)) and is hence smooth. To see that is smooth for all I G (im(exp^)) = L, we 
assume c^^ and c'^ to be smooth for any /i,/2 G L and show that c'^'^ is smooth, but this is 
clear by observing that (^^^"^{g) = ghhg^^ = d'^{g)c^^{g) for all g € G. 

Next, we observe that the map c is locally smooth around (1, 1) G G x L, since we have 
CO (idc X exp^) = exp^ o Ad Icxi- To see that it is globally smooth, take any (50, ^o) G G x L 
and observe that 

c(g,l) = glg-^ = {glog-^){glo^lg-^) = c^^^{g){cg, o c){g^^g,l^H) 
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for all (g, I) & G x L, which shows that c is locally smooth around {go, Iq). 
Step 2: The group operations in S are smooth. Indeed, the identities 

<l>'^{^{gi,h)<^ig2,l2)) = ^'^{9i92,9ih92l2) = i9i92, 92 ^h92h) = (c/152, c(5^\ /i)/2) 
and 

•^-'rngj))-') = <i>-\g-\l-'g-') = ig-\gl-'g-') = {g-\c{g,l-^)) 

show that multiplication and inversion in S are smooth. Hence, S" is a Lie group. 

Step 3: The Lie group S is a connected integral subgroup of G x G. To see this, consider 
the diffeomorphism $:GxG— ^-GxG, (51, (72) ^ (51 ; 5152) and the commutative diagram 

GxL^^S 



G X G^^Gx G. 

We observe that the inclusion maps S ^ G x G and G x L ^ G x G have the same 
differentiability properties. Therefore, S < G x G is an integral subgroup, since L < G is. 
Note that S is connected, since G x L is. □ 

Lemma 3.36. We consider the setting of Lemma \3.35\ and let a he an involutive automor- 
phism of G such that I is L{a) -invariant. Then S is {a x a)-invariant and {S,as) with 
as := {a X a)\^ is a symmetric Lie group. 

Proof. It is clear that (a x cr){S) C S, since 

{91,92) (^S 9i^92(^L a{giY^a{g2)ea{L)(^L {a{gi),a{g2)) e S. 

To see that 175 is smooth, we observe that 

(cD-ioa5ocD)(5,0 = '^-\as{9,9l)) = '^~\a{g),a{g)a{l)) = {a{g),a{l)), 

so that it is the same to check the smoothness of cr x cr||^ on G x L, but this follows by 
Lemma 13.101 Therefore, {S,as) is a symmetric Lie group. □ 

The following proposition gives a bridge to gain normal reflection subspaces from normal 
subgroups via the quotient map given by a symmetric pair. 

Proposition 3.37. Let (G, a, K) he a symmetric pair with connected G and with quotient 
map q: G ^ G/K and let (g,L((T)) he the symmetric Lie algehra of {G,a) (decomposed as q = 
0+©0_J. Given an L (a) -invariant closed ideal i<Q and its corresponding a-invariant normal 
integral suhgroup L := {expQ{l)) < G (cf. Lemma \3.10\) . then the closed triple subsystem 
L = [ n g_ < is an ideal and its corresponding connected integral suhspace N < G/K is 
given by N = q{L). It arises as an equivalence class of the congruence relation R on G/K 
that is given by 

R := {{giK,g2K) e G/K x G/K: g^'g2 € LK}, 

so that N is normal by definition. Further, R carries a natural structure of a connected 
integral suhspace of G/K x G/K. 
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Proof. By Lemma 13.101 (L, Ui) with aL '■= is a symmetric Lie group with symmetric Lie 
algebra {l,L{a)\\). As in Example 13.71 we turn the inclusion morphism l: {L^ai) (C, <t) 
into the morphism l: {L,aL, Kl) — t- {G,a,K) of symmetric pairs with Kl := K D L and 
obtain a connected integral subspace Sym(z.) : L/Kl — )• G/K with im(Sym(i)) = q{L). Its 
Lie triple system is given by [_ = ( n 3_ ^ g_, so that q{L) = N. We observe that [_ is a 
(closed) ideal in g_: Indeed, since [ is an ideal in g, we have 

[L,g_,0_] = [[L,g-],g-] c [[,0_] c [ 

and hence [L,g_,g_] C lng_ = L. 

Let S := {(51,52) G G X G: gi^g2 G L} be the equivalence relation on G that is induced 
by L. By Lemma [3.351 S is a connected integral subgroup of G x C Further, {S,as) with 
(T5 := (cr X (t)|5 is a symmetric Lie group by Lemma [3.361 

As in Example 13. 71 we turn the inclusion morphism i : {S, as) — ?• {G, a) into the morphism 
i: {S,as,Ks) (G x G,a x a,K x K) oi symmetric pairs with Ks := {K x K) D S and 
obtain a connected integral subspace 

Sym(i) : S/Ks ^ {G x G)/{K x K) ^ G/K x G/K 

whose image Sym(i) is given by the congruence relation 

R = {{giK,g2K) G G/K x G/K: g^^g^ G LK] 

on G/K (cf. Lemma l3.33p . Note that is an equivalence class of R, since it is the image of 
the equivalence class L of S under q. □ 

Proposition 3.38 (Integral subspaces corresponding to closed ideals). Let (M, b) be a pointed 
connected symmetric space and n < Lts(M, b) be a closed ideal. Then the corresponding 
connected integral subspace {N, b) < (M, b) is normal. Its associated congruence relation 
R < M X M can be endowed with the structure of a connected integral subspace. 

Proof. Cf. |Loo691 p. 131] for the finite-dimensional case. We can identify (M, b) with the quo- 
tient G'{M,b)/G'{M,b)b of the symmetric pair {G'{M,b),a' ,G'{M,b)b) of Proposition EM 
where G'{M,b) is connected and has Lie algebra 

g'(M,6) = g'(M,6)+eg'(M,6)_ = [g'(M, 6)-,g'(M, 6)_]eg'(M, 6)_ 

(cf. Definition [32ZI). Then n is considered as a n ideal of g'{M , 6)_ = Lts(G'(M, b)/G'{M, b)b) 
and leads to a L(cr')-invariant closed ideal I := [g'(M, 6)_, n] en < g'(M, 6) (cf. |Loo691 p. 132] 
or |Jac5H Th. 7.1]) with n = L. Applying Proposition 13.371 leads to the assertion. □ 

Given a Banach-Lie group G and a normal Lie subgroup N < G, we know by 
|GN031 Th. II.2] that the quotient G/N carries a unique Lie group structure with 
Lie algebra L{G)/L{N) such that the quotient map vr: G — >• G/N is smooth and 
L(7r): L{G) — ^ L{G)/L{N) is the natural quotient maplll We shall use this fact to proof 
a comparable theorem for symmetric spaces. 

Lemma 3.39. Let M be a connected symmetric space and R < M x M be a congruence 
relation on M that is a closed subset. Then every automorphism g in the closure Inn(M) of 
the group Inn(M) < Aut(M) maps equivalence classes onto equivalence classes. 

^Note that tt is then a "weak" submersion in the sense that its tangent map induces at each x € G a. linear 
quotient map T^n. 
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Proof. Since Inn(M) is a group, it suffices to show (x, y) & R ^ {g{x), g{y)) G R. Let {gn)neN 
be a sequence in Inn(M) with hmit g E Inn(M). Since the natural action Aut(M) xM — )■ M is 
smooth (cf. Section [23]) , we have g{x) = liiUn^oognix) and g{y) = lim„_j.oo (7„(y). Therefore 
we obtain {g{x),g{y)) £ R = R, since {gn{x) , gn{y)) € i? for all n G N. □ 

Lemma 3.40. Let (M, b) he a pointed connected symmetric space and R < M x M 
be a congruence relation on M that is a closed subset. Then the natural transitive action 
G'{M,b) X M ^ M, {g,x) i-)- g{x) (cf. Definition \3.27\ and Corollarv \3.29\) induces a transi- 
tive action G'{M,b) x M/R M/R, {g, [x]) ^ [g{x)]. 

Proof. This follows immediately by Lemma 13.391 since G'{M,b) Q G{M) C Inn(M) (cf. 
Remark EJO}. □ 

Lemma 3.41. Let {q,9) be a symmetric Lie algebra with g+ = [0^,0-]. Given a closed 
ideal n < then the representation 0+ — 0t(0-), x — [x,-]|g_ (cf. Section [273\) induces a 
representation ^: 0+ — )• 0[(0_/n). The subspace I := ker{ip) (B n of q is a -invariant closed 
ideal. 

Proof. We obtain the representation il) by observing that [0+,n] C [[0_,0_],n] C n. Prom 
[[0_,n],0_] C n we deduce that [0-,n] C ker(^). Thus, to see that [ is an ideal of 0, it 
remains to point out that ker('0) is an ideal of 0+ and that [ker(?/;), 0_] C n. □ 

Lemma 3.42. Let {G, a, K) be a symmetric pair with connected G and with quotient map 
q: G ^ G/K and let (0, 6) be the symmetric Lie algebra of (G, a). Further assume that 0+ = 
[0_,0_]. Given a closed idealn<Q- for which the integral subspace N := {ExpQ^ j^{n)) <iG / K 
is a symmetric subspace, we consider the closed ideal I := ker('0) © n of q (cf. Lemma \3.41\ ). 
Its corresponding a-invariant normal integral subgroup L := {expQ{l)) of G (cf. Lemma {3.10(i 
is a Lie subgroup. 

Proof. The adjoint representation Ad: G — t- GL(0), g 1— )• L{cg) (with conjugation map 
Cg-. G ^ G, h ghg^^) induces a representation G'^ — GL(0„), g 1— )• L{cg)\^_. Indeed, 
for each g E G" ^ we have a o Cg = Cg o a , so that L{cg) is an automorphism of the symmetric 
Lie algebra (0,^), which leads to i2ts(L(cg)) = L(cg)|g_ G GL(0_). Since [ is an ideal of 0, 
we have Ad(G)([) C [ and hence Ad(G'^)(n) C [n 0_ = n. Thus, we obtain a representation 
^ : G'^ —7- GL(0_/n). It is easy to check that its derived representation L(^) is given by ^/J, 
since L(Ad) = ad: — )• qI{q), x i— )• [x, •]. Being the kernel of a representation, ker(^) is a Lie 
subgroup of G'^ with Lie algebra ker (■;/'). We now organize the proof in two steps. 

Step 1: Observe that LCiG"' C ker(^). Since [ is a closed ideal of 0, we have Ad(G)([) C [, 
so that the adjoint representation Ad induces a representation Adg/[: G — GL(0/[). Its 
derived representation adg/( := L(Adg/(): — )• 0l(0/O is induced by ad: — )■ 0l(0). Prom 
[[, 0] C ( we deduce that [ C ker(adg/(), so that the integral subgroup L<G lies in ker(Adg/[). 
The ideal [ < being ^-invariant, the quotient g/i decomposes as q/1 = 0+/[+ ® 0-/I-- 
Therefore, Adg/[ induces the representation ^, so that L n lies in the kernel of 

Step 2: Observe that L is a Lie subgroup of G. Since ker(\I') is a Lie subgroup of G°", 
there exists an open 0- neighborhood V+ C 0_|_ such that exp^j |y+ is a diffeomorphism onto 
an open subset of G'^ and 

exp(;(y+ n ker(V')) = expG.(V+) n ker(^'). (10) 

Similarly, since is a symmetric subspace of G/K, there exists an open 0-neighborhood 
V- C 0_ such that Exp^j/^ is a diffeomorphism onto an open subset of G/K and 

Expa/KiV- n n) = Expa/K{V-) n N. (11) 
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(cf. Proposition 13.18]) . By the Inverse Mapping Theorem, we can shrink V-^ and V- such that 
the map 

$:0+eg_->G, j;e y i-> expc(y)expc(x) 

restricts to a diffeomorphism (with V := V-^(BV- ^ g) onto an open subset of G. To see 
that L is a Lie subgroup of G, it suffices to show that ^{V n [) = ^{V) n L. The inclusion 
n [) C n L is clear. To see the converse inclusion, take any x (B y € V+ ®V- with 

^{x (B y) € L and show that x © y G ker(V') ® n = [. Because of expg(x) € {G")o ^ K, 
we have q{^{x ® y)) = q{expQ{y)) = ExpQ^j^{y). Since we know by Proposition 13.371 that 
q{L) = N, we deduce that ExpQ^j^{y) G and hence that y G n by (fTTj) . It follows that 
exp(;j(x) G Lr\G" , since we have exp(^(x) = exp(j(y)~^<I>(x ® y) G L. By Step 1 and pUj) . we 
obtain that x G ker(^/;). □ 

Lemma 3.43. Considering the setting of Lemma \3.4-S\ the involutive automorphism a of G 
induces an involutive automorphism aQji^ of the quotient Lie group G/L and we obtain a 
symmetric pair [G/ L,(TQji^,'K{K)), where vr: G — t- G/L denotes the quotient map. 

Proof. Since L < G is fi-invariant, there is induced an involutive automorphism aQji^ of the 
abstract group G/L. To see that it is smooth, we show that gqii^ o exp;^/^, = ^^Vg/l°^s/\-> 
where O^jx is the involutive automorphism of g/l that is induced by 9. For this, we recall that 
L{tt) : — )• g/[ is the natural quotient map, so that it suffices to observe that 

o'G/L ° 6xpg./^ oL(7r) = ctqii^ott oeiqiQ = vr o a o expg. = -Koe-K.'pQoO 
= expG/L oL(7r) o 61 = exp^/L o^'g/i o -^^(vr). 

It is clear that 'it{K) C (G/L)'^'^''^ , since we have ctq/i^tt^K)) = 7r(cr(i^)) C it{K). It remains 
to show the inclusion ((G/L)'^'^/^ )o ^ i:[K). For this it suffices, with regard to (G'^)o C K, 
to point out that L{t:){q+) = leads to 7r((G'')o) = ((G/L)'^g/l )g (^f. p. ED. □ 

Theorem 3.44 (Quotient Theorem). Let M he a connected symmetric space, N < M he a 
closed connected normal reflection suhspace and R < M x M he its associated congruence 
relation on M . Then the following are equivalent: 

(a) There exists a morphism f : M ^ M' to a symmetric space M' such that R is its kernel 
relation. 

(b) The quotient reflection space M/R can he made a symmetric space such that the natural 
quotient map tt: M — )■ M/R is a "weak" suhmersion in the sense that it is smooth and 
its tangent map induces at each x €z M a linear quotient map LtSx>(7r). 

(c) N is a symmetric suhspace of M . 

Proof. The implication (b)=^(a) is trivial and the implication (a)=^(c) follows by Corol- 
lary ESS 

(c)=^(b): We choose some base point b £ N. By Proposition 13.32] the Lie triple system 
n < Lts(M, 6) of {N,b) is a closed ideal. We can identify (M, 6) with the quotient G/Gb 
of the symmetric pair (G,o-,Gfe) := {G'{M,b),a' ,G'{M,b)b) of Proposition E^Sl where G is 
connected and has Lie algebra 

= 0+©0_ = [0-,0-]©0- 

(cf. Definition I3.27p . We denote by g: G — t- G/Gb the natural quotient map. Having then 
the setting of Lemma 13.421 we consider the normal Lie subgroup L := (exp(^([)) of G with 
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Lie algebra [ := ker{ip) ® n < g (where ^p■. q+ ^ g[(g_/n) is the natural representation) 
and the quotient {G/L)/{-kqii{G},)) of the symmetric pair {G/L,aQ^i,TTQ/i{Gh)), where 
'^G/L- G ^ G/L denotes the natural quotient map (cf. Lemma l3.43p . 

Since ii C M x M is a closed subset (cf. Lemma I3.3ip , the transitive smooth action 
G X M — ^ M, {g, x) ^ g{x) induces a transitive action G x M/R — ^ M/R, {g, [x]) g{[x]) by 
Lemma [3. 40 i The stabilizer Gjy of N & M/R is given by q~^{N), since the orbit map G — ?• M, 
g I—)- g{b) corresponds to G — )• G/Gh- Since we have q[L) = N (cf. Proposition I3.37p . 
we obtain Gn = LG^. Therefore, there is induced a bijective map G/{LGb) — )• M/R, 
gLGb I— >• giN) = [g{b)] and hence a bijective map 

CD: (G/L)/(7rG/L(G,)) ^ M/R, gLGb ^ [g{h)]. 

It is an isomorphism of reflection spaces, since we have: 

1>{gLGb ■ hLGb) = ^ga{gy'a{h)LGb) = [ga{gy'a{h)Gb] 
= [gGb-hGb] = [gGb]-[hGb], 

where we view M as G/Gb- Thus M/R inherits the structure of a symmetric space. The 
quotient map tt: M — )■ M/R corresponds to the map G/Gb — ^ {G/L)/{TTQ^i{Gb)) that is 
induced by the natural map G — )• G/L — )• {G/L)/(TTQ/i(Gb)) and is automatically smooth, 
since G i— )• G/Gb is a submersion. It is furthermore a weak submersion, since ttq/i : G ^ G/L 
is a weak submersion and G/L — {G / L) / (ttq/ i^{Gb)) is a submersion. □ 

Remark 3.45. The Lie triple system of the pointed symmetric space M/N := {M/R, N) 
is given by m/n, where, having chosen some base point h ^ N , m. and n < m are the Lie 
triple systems of (M, 6) and {N,b), respectively. Indeed, the kernel ker(7r) := 7r~"^(A'') 
of the quotient map vr: {M,h) — )• M/N is the symmetric subspace {N,h) < {M,b) with 
Lie triple system n = ker(Lts(7r)) (cf. Corollarv I3.26p . so that Lts(M/A^) is isomorphic to 
m/ker(Lts(7r)) = m/n. 

Remark 3.46. The symmetric space structure of M/R is compatible with the quotient 
topology. To see this, it suffices to check that the quotient map vr: M — t- M/R is open, 
equivalently, that for each b G M, a neighborhood of b is mapped onto a neighborhood of 
7r(6). Since we have vr o Exp^j^^ ;,) = Exp^j^^^^ oLtSb(7r), this follows by the fact that the 
exponential maps Exp^^j;,) and Exp^j^^/^ are local diffeomorphisms and Ltsb(7r) is an 
open map. 
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